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THERMOELASTIC CONTACT OF TWO CYLINDERS
WITH NONSTATIONARY FRICTIONAL HEAT FORMATION

D. V. Grilitskii and P. P. Krasnyuk UDC 539.3

The thermoelastic problem of the frictional interaction of two circular infinite cylinders with allowance
for heat formation due to the action of time-dependent frictional forces changing along the general axis of the
tribosystem is studied in an axisymmetric formulation.

1. Formulation of the Problem. We consider a tribosystem consisting of two circular hollow infinite
cylinders inserted without clearance into one another (the axial section of the tribosystem is shown in Fig.
1). A circular cylinder with inside radius a; and outside radius ag is inserted into another cylinder of the
same shape having inside radius ap and outside radius a;. Radial stresses q; and ¢, depending on the axial
coordinate and time are specified on the lateral surfaces of the two-layer packet.

We assume that one of the cylinders rotates about the other with time-varying angular velocity w.
Heat generation is caused by the action of frictional forces which occur at the contact surfaces of the cylinders
and obey the Amonton law. The heat contact of the elements of the tribosystem is not ideal. Heat exchange
according to the Newton law proceeds between the non-contacting surfaces of the packet and the ambient
medium. Dynamic effects that can occur under the action of external load are ignored. We determine the
temperature fields, heat fluxes, displacements, and stresses in the two-layer cylinder.

We relate this tribosystem to cylindrical coordinates by choosing a certain section as a zero section
and directing the z axis along the cylinder axis. We assume that the behavior of the external load at infinity
is such that one can use the Fourier integral transform with respect to the z coordinate. Since the external
load does not depend on the angular coordinate 8, we study this problem in an axisymmetric formulation to
determine the temperature fields, heat fluxes, thermoelastic stresses, and displacements.

With the above assumptions, the problem reduces to construction of solutions of the system containing
the differential heat-conduction equations

OT; + r10,T; + B2T; = k10, Tj; (1.1)
the equilibrium equations
3o 4 rY(ol) - agj)) +8,79 =0, 8,70+ r~1r) 4 8,60 = o; (1.2)

the compatibility equations
6,65” + r"l(egj) -y =0, rafsgj) +8,eY) = 0,41); (1.3)
and the relations of Hooke’s law
Eje?) = 00 — v + 60 + BjoyTy,  Ejed) = o) ~ vj(0¥) + o)) + Ejo;T;,
Eje) = o) = vj(e¥) + o)) + BjoyTy, Epd =201 +v)r) (j=1,2), o
which are subject to the initial conditions

Tj(r,2,0) =0, (1.3)
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and the boundary and contact conditions

r=ay;: OTh =+, a,(,l) = —qi(z,71), T,g) = 0; (1.6)
r=ay 0,Ty = -yl o¥=—q7), 73 = (1.7)
r=ap: AMOTh — X0, T2 = fw(r)aop(z,7), MOT1+ X0, T2+ h(Th — T2) =0, (18)

o =0 = —p(z,7), TP=rP=0, ul)=u®
Here r and 2 are radial and axial coordinates, T is time; p(z,7) is the contact pressure; w(r) is the relative
angular velocity; T; is the temperature; a,(-j ), agj ), and 0'9 ) are the radial, tangential, and axial normal stresses;
‘rg) is the tangential stress; s.(-j ), e,(,j ), and E(zj ) are the radial, tangential, and axial linear strains; 7$£) is the

shear strain; u£’ ) is the radial displacement; E; is the Young’s modulus; vj, Aj, k;, and a; are the Poisson’s
ratio, the heat conductivity, the thermal diffusivity, and the linear heat-expansion coeflicient, respectively;
9; = @;/Aj; @; is the heat-exchange coefficient; h is the heat conductivity of the contact surface; and f is
the coefficient of friction. Here and below, j = 1 corresponds to the inner cylinder, and 7 = 2 to the external
cylinder.

2. Construction of Solution. From the formulation of the problem it follows that the behavior of
the solution depends on the distribution of the external load. We assume that the external load is distributed
symmetrically about the section z = 0. Then, the solution of the formulated problem will also be symmetrical
about the zero section. Then, we obtain additional symmetry conditions {3,Tj(r,0,7) = 0] and can use the
Fourier integral cosine transform to solve the problem.

We reduce problem (1.1)-(1.8) to a system of two integral equations for the functions

fi(z,7) = (=1)7718,Tj(ao, 2, 7), (2.1)

which are proportional to the heat fluxes on the contact surface. To this end, we express the temperature of
the cylinders in terms of the functions f; by first solving Eq. (1.1) subject to the initial conditions (1.5) and
the thermal boundary conditions (1.6), (1.7), and (2.1). Taking the Fourier integral cosine transform [1] with
respect to the axial z coordinate,

T;(r,&,7) = | Tj(r,z,7)cos(£z) dz

and using the Duhamel theorem [1] with respect to time 7, for the transformant of the temperature T; we
obtain the integral representation

T(r6,7) = 0 [ (6 )85(r,6,7 — y) dy, (22
0

where f;(£,7) is the Fourier transformant of the function fj(z,). The kernel of the integral representation is
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found by solution of the additional problem
63(51'4-7“15,‘5] —fzd)]' = k;lar@j, ‘i’j(r,f,O) =0, 23)
9 ®j(a0, 6, 7) = £1,  8:®(a;,&,7) = £v;8;(a;,, 7). '

Here and below, in + and F the upper sign corresponds to j = 1 and the lower sign to 7 = 2.
The desired function ®,(r, £, 7) is written as the sum of two functions:

(i)j(rafa T) = (i)jl(r,ﬁ) + éjZ(r’€1 T)- (24)

The first term is a solution of the stationary heat-conduction equation and satisfies the inhomogeneous
boundary conditions of problem (2.3):

2%, +r710,®;) — €20, =0, 0,®j1(a0, &) = £1, 8:%ji(a;,€) = £7,;®;1(a;, ). (2.5)
The second term is a solution of the following boundary-value problem:
63(5]2 + T_lar(ijg - fzq_)Jé = k}-laréj% (—512(7"630) = "q_)jl(r’f)v
0r®jz(a0,&,7) =0, 8,Pj2(aj,&,7) = £7;9j2(aj, &, 7).

Thus, we obtained a Bessel differential equation for the functions (f)jl(r,f). Satisfying the boundary
conditions, we have

8,1(r€) = +e-1-L0ENNEK (Eas) + 7, Ko(Caj)} + Ko(Er)[Eh(Ea) F i {o({a;)]
7 h(£ao)[¢K1(€ay) £ v;Ko(€a)] — Ki(£ao)[ENr(§aj) F i o(éa;)]
where I,(z) and K, (z) are modified Bessel functions of order v of the first and second kinds [2].

To solve problem (2.6), we take the Hankel finite integral transform [1] with respect to the radial
coordinate r:

(2.6)

(2.7)

ag
Qﬂ(/‘j,m’{v T) = i/r&)ﬁ(r’{"’)l{j(r’ P.i,m) dr.
a;
Here
Kj(r, pjm) = Wo(pjmr, uj,mao)N;,L (m=1,2,...) (2.8)

is the orthonormalized kernel determined from the solution of the Sturm-Liouville problem: 82K, +
r~19.K; + p2K; = 0, where &, K; = 0 for r = ao and 8, K; = *v;K; for r = aj, pjm are roots of
the characteristic equations u;Wi(pjaj, pja0) £ v;Wo(pjaj, pjae) = 0; Njm is a normalizing factor; and
NZ, = +0.5[adWE(15,ma0, Bj,ma0) — a?[Woz(pj,maj,yj,mao) + WE(#5,ma;, #j,mao)]]- In the previous relations,
we introduced the functions

Wo(z,y) = Jo(z)Ya(y) - Yo(2)a(y), Walz,y) = Ji(z)N(y) - Yi(=z)i(y),

where J,(z) and Y, (z) are Bessel functions of order v of the first and second kinds {2].
Applying the integral transform to problem (2.6) and solving the resulting first-order ordinary
differential equation, we obtain a formula for determining the Hankel transformant of the function ®;o(r, £, 7):

®j2(pjm, &,7) = —®j1(1jm, €) exp [—k;(€2 + 2 )7]. (2.9)

Here

&1 (,ms €) = a0 Wo(tjmao, tjmao) (€2 + 42 ) Njm) ™! (2.10)

is the Hankel transformant of the function @jl(r,f). Inversion of the Hankel transformant is performed by
the formula

®ia(r,6,7) = Y Dja(ptsm, & T)KG(7, jim).-
m=1
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Using relations (2.8)-(2.10), we write the solution of problem (2.6) in the form

®io(r,6,7) = —ao o= Wolpy,mr, 1j,ma0)Wo(p;mao, ptj,mao)
- 2
m=1 Nf,m(£2 + H?.m)

Thus, formulas (2.2), (2.4), (2.7), and (2.11) give the Fourier transformants of the temperature of
each of the cylinders. For ¢ = 0, these formulas remain valid, if one takes into account that ®;i(r,0) =
+agln(r/a;) + aolajv;] ™.

The thermoelastic problem (1.2)-(1.4) under stresses specified on the boundary [boundary conditions
(1.6)—(1.8)] is solved by the method described in [3, 4]. For each cylinder we introduce the stress function
@j(r,z,7), and the problem reduces to the inhomogeneous biharmonic equation

exp[~k; (€% + pd )7 (2.11)

DDy; +2D3%p; + 80, = Fj(r,z,7) (2.12)
subject to the homogeneous boundary conditions
Dp; =0,  dp;=r"(1=-vj)p;, r=aoa. (2.13)
In relations (2.12) and (2.13), D is the differential operator ro,r~10,:

9 af 2 \[42 Eja, Ejos 1, |
Fi(r,z,7) = —— ( + ) [3ij(z,r) + —a-;_—-arTj(aj,z,T) + —aTkj ar/ij(p,z,T)dp

ao—-a 1 — vy l + v, k
2 2 2
ap aj T )[2 a; ] EJO‘J 1 /
+ g—a (1—u,+l+uj d;p(z,7) + BT(ao,z T) Ic 0r | pTj(p, 2z, 7) dp.

Radial displacements are given by the formula

ug)(r,z,r):_l I/J _1[ QJ(Z T)a( 0 4 r? )+p(z,‘r)a§( a? n r2 ) Ejo; ( 0(2) r2 )

E; a%—a2 1—y; 14y, a%—a? l—v; 14y a%—a 1—y; 14y

/pT (ps2,7)dp — < Eso /pTJ p,2,7)dp — 33%(1",2,7)] - Z’—(%—Qr‘ID%(nz,f)- (2.14)
Yi ag J

Applymg the Fourier integral cosine transform to Eq. (2.12) and boundary conditions (2.13), for the
transformant @;(r,€,7) we obtain a fourth-order inhomogeneous differential equation. The solution of this
equation is found as the sum of the general solution of the homogeneous equation and the partial solution
of the inhomogeneous equation. The general solution of the homogeneous equation is represented by a linear
combination of zero- and first-order modified Bessel functions of the first and second kind. To determine
the four unknown coefficients of the general solution, we use the boundary conditions. Satisfaction of these
conditions leads to a system of four linear algebraic equations. Solving the system, we find a formula for the
transformant of the stress function @;(r, ¢, 7) for each cylinder. Having the formula of the transformant of the
stress function, we can write formulas for the transformant of the displacements, strains, and stresses.

Here we write only the expression for the transformant of radial displacements on the contact surface
of the cylinders:

4 1—v? Ax(aj, _ Az(aj,
ﬂgj)(ao,f,T) = EJ_V] <00}3(£,T)—A'1&J"€i)) —ajqf(fv )——2(—("1]]—’—5—)—> + 0- /f] 67 j(fvT - y)dya (215)

where

Hj(&,7) = Hi(€) + Hpa(€,7);

o a1 — v Ag(aj, ) , Ar(a;,¢) 1 .
A6 = G a0 % (S5 - 73]
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7 0(#4j,ma0, pjmao) [ .o A1la,,§)
Hy2(€,7) = o5(1 + vj)ao mg NI (€4 2, ) [f < Aa,.0) aoWo(ptj,mao, #j,mao)

A2(‘11 £)
————=a;Wo(pjma;, tjma
A(a;, £) iWolujmaj, pjmao) )+

A , :
) AS((C:J, 5)) Hj, le(;uj,maja :u'j.ma())] exp[—kj(fz + /‘f,m)‘r];

A(a;,€) = 4(1 — v;) + @36 + a3 + (2(1 — vj) + af€*)(2(1 - v;) + a€%)[11(a;€) K1 (aof)
—$(aof) K1 (a;E))* — a2€*(2(1 - v)) + ag¢?)[o(aj€) Ki(aof) + i (aof) Ko(ajé)]?
—ad€%(2(1 - v;) +a2€%)[1(a;€) Ko(ao€) + Io(ao€) K1 (a;€)]® + a2ade* [ Io(a;€) Ko(aok) — To(ao€) Ko(a;€))?;
Av(aj, €) =201 + (2(1 — v;) + a3€*)[[1(a;€) K1(aof) — N(aof) K1(a;6))?
—a€?(Io(aj€) K1 (aof) + N1 (aof) Ko(a;€)?];
Aaz(aj,€) = 2a0€[11(a;€) Ko(aol) + lo(aoé) K1(a;€)] — 2a;€[lo(a;€) K1(ao) + I1(aof) Ko(a;€)];
As(a;, &) =2[(2(1 ~vj) +a2€)I1(a;6) K1(aoé) — I (ao) K1(a;8)] —ajaot? [Io(a;€) Ko (aof) — Io(ao€) Ko(a;€)]).

Using the condition of equality of radial displacements on the contact surface and relations (2.15), we
obtain integral representations for the transformant of the contact pressure:

_ = R S Aq(ag, €) . _
67) = | L (1 (Fp el ) Fy — O [Ien it r = v)dy)|

k=1

2 k-1l = v Ay(ag, O
x[aok};l(—l) - A(ak,g)]‘ (2.16)

In this case,

5(0,7) [Z( 1)t x(qk(;kr) 22a;c ; _ 6,/fk(0 y) (0,7 —y)dy)]

ao—

2 1 a2 +a? -1
-1 20T Tk
x{kz:( 1) Ep (ag —al Vk)] )

=1

2
. (0) — o _% (% 1))
H,l(O)-—a,ao(:Fa%_az ln(a ):I: (osq:

3 ] a;7j

Here

. 2ajaja80 <~ Wi(pjmaj, #t5,ma0) Wo(sj,mao, #,mao)
j2(0 1.) — 2] J 5 ],m) J’;‘Vz ,m 1,m exp [—kjl-‘?,mT]-
2% ~ 25 m=1 smbsm

Applying the Fourier integral cosine transform to the thermal contact conditions (1.8) and using
relations (2.1), (2.2), and (2.16), we obtain a system of Volterra integral equations of the second kind for the
Fourier transformants of the functions f;(z,7):

2 2 _ ,_,2 .
3 Mfelem) = e [ L0 (- E oyauie,ryDa(om0)

Ee A(ax, €)
o e

(2.17)

k=1

2
> (-t [Akfk(é,r) + hd; / fe(6:9)®i(a0, &7 - y)dy] =0.
0
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Solving this system of equation, we find the transformants of the contact pressure and the functions
fj(z.7). Together with the formulas for the transformants of the stress function @;(r,£,7) they give the
complete analytical solution of the formulated problem in the transformants of the Fourier integral cosine
transform.

The original is given by the inversion formula [1]

j(r,z,7) =217 /@j(r,é,T)COS(zi)df, (2.18)
0

and the value of the integral is found numerically.

3. Construction of Numerical Algorithm. System (2.17) is solved numerically. The behavior of
the tribosystem is studied in the interval [0, 7*], which is divided into N parts with constant step ;. Then.
at each time 7, = n1 (n =1,..., N), the integrals are replaced by finite sums according to the scheme

/f(y n = y)dy = 1 (0.57(0)F(rn +an (tn = 7)),
where

/f (r1 — y) dy = 0.571 f(0) F(y).

These relations were written using the quadrature trapezoidal formula, and the mode of behavior of the
functions ®;(r,&,7) and Hj(£,7): by construction, [problem (2.3)] &;(r,£,0) = 0, and the function Hj¢,T)
has the same value for 7 = 0. The derivatives of the functions are replaced by finite differences according to
the rule d;T(7s) = 0.57, Y(T(Tn+1) — T(Tn=1))-

Then, the derivatives of integrals in system (2.17) are replaced by the relations

I = (o, [10Fe-y) dy) _ =0,25(0) [F(rs1) = F(ra-1)

n~2

+03(fWE() + (-0 F(m) + X SF (s = 7) = Flras = )]) (n =34,

L =0.25f(0)F(r2) +0.5f(m)F(m1), I»=025f(0)[F(m3)— F(m1)]+0.5(f(m1)F(r2) + f(r2)F(m1)).

It is easy to show that Iy = 0.

Analysis of these relations shows that, at each time 7,, the system of integral equations (2.17) reduces
to a system of two linear algebraic equations for functions f;(¢,7,). The functions f; are linear functions
of the external load: f;(£,7n) = Qj1(&,7s)q1(€, ) + @j2(€,7n)q2(€, 7). Similar relationships hold for the
transformants of the temperature, contact pressure, and the stress function.

Numerical analysis shows that the functions Q;x(£,7») are not oscillating and decrease fairly rapidly
as ¢ increases. Therefore, in the inversion of the functions fj(¢, ), we can divide the interval of integration
[0, 00) into two parts, {0,£*] and [€*,00), where £* is of the order of 1000, and ignore the integral over the
second interval. To calculate the integral over the interval [0,£*], we use Filon’s method [5] (the method of
approximate calculation of integrals of trigonometric functions); the behavior of the functions §; should be
taken into account. We explain this by an example.

Let qi(z,7) = 0 and ¢2(z,7) = qo(r)H(L — 2)H(L + z), where H(z) is the Heaviside function {1}, and
L is a parameter that determines the interval of application of the external load. In this case, the Fourier
transformant of the external load has the form §2(¢,7) = qo(7) sin(L&)E™!. After additional manipulations we
obtain

filz,m) =217 q0(7) | Qja(€, 7)€  sin(LE) cos(2€) dE

o\‘h;
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£ ]

= 7 Yao(r) [1@52(6,7) = @1a(0, )] Sin(€(L + 2)) + sin(e(L — 2))]
0

+Q;2(0, )7 qo()[ S(E(L + 2)) + Si(€" (L = 2))],

where
z

Si(z) = /sin(:c)z"ldz
0

is the integral sine [2], and we can use directly Filon’s formulas.

Numerical studies show that for a relative calculation error of 1%, it suffices to divide the interval
[0,£*] into segments with a step of 5 m™! and take 71 equal to 2 sec.

4. Analysis of the Results. Analysis of the previous results shows that with time the contact pressure
(2.16) reaches a stationary value that coincides with the analytical contact pressure of the stationary problem.

An expression for the transformant of the contact pressure of the stationary problem can be found from
relation (2.16) and system (2.17) by applying to them the Laplace integral transform and using the relation

Jim, $(r) = lim si(s),

where (s) is the Laplace transform of the function ¥(r) [1]. For example, provided that ¢;(z,7) = g;(z)(1 -
exp (—p7)) and w = w* = const, we obtain the formula

V a a 2 "'V2 a
uie) = [ S0 2o R[S gt S re] "L

where

R(e) = Ha1(6)(M1 + h®11(a0,§)) = Au(§)(I2 + hdai(ao, §))
T (M +h0n(a0,€)) + M2 + k(a0 €))

For £ =0 we have

2 2 -1
= (£ B0 e () pan]”

The structure of the denominator of expression (4.1) shows that, for each value ¢ from the interval
[0,00), there is a critical value of the angular velocity w* for which the transformant of the contact pressure
Dst(€) becomes infinitely large. Therefore, one can calculate the contact pressure of the stationary problem
only for values of w* smaller than min w?(¢). For example, for a3 = az = 12-107% K~!, we have minw?, ~
3.32 sec”l. An increase in the parameter a; decreases min wer, and a decrease in a increases minwy,. The
other parameters in the numerical calculations were as follows: E; = 2-10° MPa, v; = 0.3, A; = 50 W/(m-K),
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&; = 1kW/(m?- K), k; = 1.25-1075 m?/sec, h = 10 kW/(m? K), f = 0.1, ¢; = 3.5 cm, az = 6 cm, ¢p = 5 cm,
az =12-1078 K1, oy = 1.2, 6, 12, and 15-10~% K~1, w* =1 and 2 sec™!. The external load was varied as
q1(z) =0, ¢3(2) = ¢*H(L — 2)H(L + z), where ¢* =20 MPa and L =0,1 m.

The dependence of the contact pressure of the stationary problem on the linear thermal expansion
coefficients is not chosen arbitrarily. The numerical study has shown that an increase in the parameter a;
causes an increase in the contact pressure in the thermoelastic problem with respect to the contact pressure
in the purely elastic problem. In this case, the increase in the heat-formation intensity due to increase in
w* increases the contact pressure. A decrease in the linear thermal expansion coefficient a; causes opposite
effects.

Figure 2 shows the variation in the contact pressure along the cylinder axis versus the parameter o
in the stationary problem. Curves 1-4 correspond to a; =15, 12, 6, and 1.2-107® K~! (a2 = 12-1075 K~!
and w* = 1 sec™!), and the dashed curve shows the contact pressure of the elastic problem. The existence of a
separation zone for this loading pattern is explained by the discontinuous character of the external load. Note
that an increase in o) causes expansion of the inner cylinder, so that no separation is observed even under a
discontinuous external load.

Figure 3 shows the distribution of the steady contact temperature along the axis of the two-layer
cylinder. The curve numbers correspond to the values of a; in Fig. 2 (the upper curve refers to the first body,
and the lower curve to the second body). The temperature jump on the surface r = ag is caused by imperfect
thermal contact.

In the calculations of the contact pressure of the nonstationary problem, two patterns of variation of
the external load and the angular velocity were chosen:

(1) q1(z,7) = 0, ga(z,7) = a3(2)(1 — exp(=Br)), and w(r) = w*;

(2) qi(z,7) = 0, q2(z,7) = g3(2), and w(r) = w*(1 — exp (~Br));
where 8 = 0.01 sec™!. Numerical studies show that the time during which the tribosystem reaches a stationary
value is about 900 sec in both cases.
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Figures 4 and 5 show graphs of variation in the contact pressure p along the axis of the two-layer
tribosystem for some times (Fig. 4 corresponds to the first pattern of variation in the external load and
angular velocity, and Fig. 5 to the second). Curves 1-3 in Figs. 4 and 5 correspond to 7 = 200, 400, and
900 sec (o] = 15-107% K~1, ap = 12-107% K1, and w* = | sec™!). The dashed curve in Fig. 5 refers to the
contact pressure for 7 = 0. The contact pressure reaches monotonically a stationary value, provided that the
angular velocity w(7) varies in the interval [0,wp] (wo < min wf).

Figure 6 shows the distribution of the contact temperature for the same times as in Figs. 4 and 5.
The temperature of the cylinders for the above values of the external load and angular velocity reaches
monotonically a stationary value. In this case, there is an insignificant difference in the character of the
distribution and the temperature values obtained for the above dependences.
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